In the context of N -party composite systems some considerations about entanglement magnitudes defined on the set of their states are made. A minimal set of necessary and sufficient requirements any such magnitude has to fulfil if it is to be non-increasing under the local action of the N classically communicating parties is presented. With the help of some magnitudes satisfying these conditions it is proved that, contrary to what happens in the asymptotic limit, one single measure is not sufficient to quantify the entanglement of pure states of two-party systems, while providing a minimal set of parameters that characterize it completely. It is shown that a magnitude not equivalent to the entropy of entanglement for pure states can be both additive and at most conserved under classically correlated local transformations of the composite system. An alternative characterization of separable states, in terms of the set of classically correlated local transformations, is also presented.
INTRODUCTION.
We wish to address in this paper some questions regarding the characterization of entanglement. As it is known, in the case of a composite system shared by two parties the characterization of the entanglement of a pure state of the form |Ψ ⊗n , i.e. consisting in a large number n of copies of the pure state |Ψ , boils down to the specification of just one magnitude, its entropy of entanglement [1] , when n −→ ∞. Therefore this quantity characterizes completely the entanglement, regarded as a resource, of pure states of the form |Ψ ⊗n for n −→ ∞. Such a simplicity in the characterization of entanglement in this limit relies on the asymptotic reversibility of local conversions of many copies of pure states. We consider in this paper entanglement of states of a composite systems with a finite dimensional Hilbert space. Although some of our results apply only to two-party systems, most of our considerations refer to more general composite systems shared by N parties. We will show that in this case the characterization of entanglement requires more than just one magnitude, even for pure states of a two-party system, this fact being related to the irreversibility of most of the local conversions involving any finite number of copies of pure states. One of our results consists precisely in providing a minimal and complete characterization of entanglement of pure states of two-party systems.
On the other hand the set of transformations that the N parties can perform locally on a composite system plays a central role in our approach to entanglement. We define separable states -and therefore also entanglement itself-in relation to this set of transformations. We analyse the elementary steps any one of these local transformations can be decomposed into, and next use them to characterize those magnitudes that do not increase under any local action of the parties. We show how these magnitudes can be used to obtain relevant information about local conversions between shared states, while using some of them to study local equivalences of pure states in two-party systems.
The paper is organized in seven sections. In section 2 the set of states the N parties may share is discussed. A list of elementary local transformations of a composite system is presented while separability is shown to be deeply connected to them. In section 3 we focus on magnitudes that are not increased under local transformations, by providing a set of necessary and sufficient requirements they have to fulfil. It is shown there how these magnitudes can supply information about local conversion processes. Two optional properties of these magnitudes, namely additivity and continuity, are also discussed. In section 4 a continuous set of such magnitudes, the α-entropies of entanglement, are introduced for two-party systems. They are used in section 5 to prove that only those pure states related by a unitary product transformation are locally equivalent. Finally, in section 6, the behaviour of the α-entropies in the asymptotic limit is discussed, and some conclusions are presented in section 7.
The quantification of entanglement, understood as a resource, is an open area into which much theoretical effort is being put at the moment. It has been often suggested that, whereas for mixed states of two-party systems this quantification has not been completely solved yet, this is not the case for their pure states, the reason being the existence of a unique measure [2] , the entropy of entanglement. Here we show that, on the contrary, the complete characterization of entanglement for pure states requires more than just one measure. We hope that with this work we will contribute to a better understanding of this topic.
LOCAL TRANSFORMATIONS AND SEPARABILITY.

Set of multi-party states.
Most of the considerations in this paper refer to composite systems that are shared by N parties. The parties are allowed to perform a set of actions on the system they share -those involving only local operations and classical communication (LO+CC)-which include both the addition of ancillas and the rejection of parts of the system, or even of the whole system. Therefore the structure of the composite system (for instance a set of distributed particles), and thus the system itself, may change as the parties act on it locally. Let Q denote one such composite system, which we will always suppose to have a finite dimensional Hilbert space, and T Q the set of its states. Then the set of states of the possible composite systems the parties may deal with is
where the trivial composite system no system at all, denoted by ∅, is also considered, its trivial unique state being ρ ∅ = 1.
Acting locally on a composite system.
Each party is allowed to act on its local subsystem in the most general way and to share information with the other parties by means of classical communication. This implies, for instance, that the local action of a party can be made dependent on the result of a previous local action, such as a local measurement, and that the parties can correlate classically their actions. Any such actions, involving only local operations and classical communication (LO+CC), can be decomposed into the following elementary steps: L1) Uni-local unitary transformation:
whereŨ is a unitary product operator such that it is the identity for all parties but for one, for which it is a unitary transformation. For instance, in a two-party system shared by Alice and Bob uni-local unitary transformations are implemented byŨ = U A ⊗ I B andŨ = I A ⊗ U B , where U i and I j are, respectively, a unitary transformation and the identity in the local subsystem of party i and j. Then any N -local unitary transformation (such as U A ⊗ U B in the two party case) can be obtained by composing N such uni-local unitary transformations.
L2) Uni-local von Neumann measurement:
which follows from just one of the parties performing a von Neumann measurement, not necessarily complete, on its local subsystem, ρ becoming the state ρ k with probability p k . Such a measurement transforms the state ρ by means of projectors that are the tensor product of the identity for all the parties but one, for which it is a projector (not necessarily of rank one). If, for instance, in a twoparty case, it is Alice who measures, the projectors that implement such a uni-local measurement are of the form P k = P A k ⊗ I B , {P A k } being orthogonal and realizing the identity opetator I A . L3) Addition of an uncorrelated local ancillaQ:
where ρQ is the state of the ancilla, added by just one party. If initially there is no system then we can rewrite Eq.(4) as 1 −→ ρQ.
L4) Dismissal of a local partQ of the whole system:
where T rQ[.] is a partial trace overQ.Q being local, it is originally hold by only one of the parties. If after the dismissal there is no system left, then we can write ρ −→ 1.
L5) Irreversible loss of information about the state of the whole system (as a result e.g. of mixing):
L6) Classical communication between the parties.
Notice that L1 and L2 are uni-local actions performed on the system, which stays the same, but whose state is modified, L3 and L4 imply a change in the number of components of the physical system and L5 and L6 deal with information regarding the description of the physical system, not requiring any action on the system by the parties.
Some of the local actions of the parties can be formally viewed as a mapping from T to T , but in general they are implemented by a mapping from the space P(T ) of probability distributions in T into P(T ) itself. For instance, the oucomes of a local measurement, and therefore also its final states, are bound to a certain probability distribution.
Separable and entangled states.
The set S of separable states can be defined to be the minimal subset of T that is invariant under the whole set of transformations T LO+CC in the following sense: it can be defined to be the minimal subset S ⊂ T such that any probability distribution defined on S is mapped into other distributions involving only elements of S by any transfomation in T LO+CC , i.e.
With theorem 1 we recover the standard expression for separable states in terms of a probabilistic sum of product states:
, where each ρ k can be expressed as the tensor product of states belonging to the local subsystem of each party (that is ρ k = ρ A k ⊗ ρ B k ⊗ ..., ρ i being the local state of the subsystem hold by party i, i = A, B, ...).
Proof: Any state in T can be locally converted into the trivial 1 by dismissing the whole composite system (L4). From 1, by adding local ancillas (L3) prepared in suitable local states (L1,L2,L5) the parties can obtain the most general product state ρ = ρ A ⊗ ρ B ⊗ .... The use of classical communication and mixing (L5,L6) allows the parties to prepare convex combinations of such product states. On the other hand there is no way of preparing from 1 or any other separable state any state that cannot be expressed as a convex combination of product states by means of T LO+CC , as can be seen by checking the effect of each elementary transformation L1-L6 individually on a generic convex combination of product states. 2
Then one can define entangled states as those that do not belong to S, and entanglement as a property carried by entangled states that accounts for any of their features that make them different from separable states. Most of this paper is devoted to the characterization of such a property.
Set of situations.
A point {ρ k , p k } in P(T ) will be called situation 1 and will be denoted by Υ. A situation Υ ∈ P(T ) is representative of the state shared by the N parties in the sense that it contains the states ρ k of composite systems the parties may be sharing at some point of their manipulations, along with the probability p k that they do so.
In order to illustrate the meaning of this notation let us consider the following example: Alice and Bob share a composite system Q whose initial state is ρ. Alice performs a measurement in her local subsystem, which may lead to three possible final states, say ρ k for k = 1, 2 and 3, with certain probabilities p k , so that at this stage Υ = {ρ k , p k } 3 k=1 describes a priori the state of Q the parties may be sharing after the measurement. She communicates the result of the measurement to Bob, who either adds an ancilla to his local subsystem for k = 1, performs a unitary transformation on his subsystem for k = 2, or else persuades Alice to agree in throwing away the whole system they share (k = 3). Then as a result of these conditioned actions the state shared by the parties is properly described by another situationΥ = {ρ k , p k } 3 k=1 ∈ P(T ), where theρ k are now states of different composite systems, ρ 3 being the trivial state 1.
LOCAL TRANSFORMATIONS AND NON-INCREASING MAGNITUDES.
3.1 Consistency with the fundamental law of quantum information theory.
The fundamental law of quantum information theory (FL) says that N parties that communicate classically and share a composite system cannot, on average, create entanglement by acting on it locally. Here the average is to be understood over repetitions of the local transformation the parties perform on their composite system (which is identically prepared in a given initial state before each repetition) and consequently does not exclude the possibility that the parties create entanglement in some of the repetitions.
Those functions
that are consistent with the FL, i.e. that are at most conserved, on average, under the set of transformations T LO+CC , are of interest when trying to characterize entanglement. We will call them FL-consistent (or simply FLc) magnitudes. Any reasonable measure of entanglement can be taken as an example of such magnitudes. We present in this section a minimal set of conditions that are both necessary and sufficient for any magnitude µ to be FL-consistent. Consequently, this is a set of requirements any entanglement measure has to satisfy. Since the FL refers to averages over repetitions of a local action on a given initial state, and there may be several final states, it is convenient to extend the domain of the function µ : T −→ R in consideration, so that it is also defined on P(T ), in the following way:
Then, in terms of any classically correlated local action T LO+CC of the parties, ifΥ = T LO+CC [Υ] is the situation resulting from Υ, the requirement of FL-consistency for µ can be writen as
Now, from the elementary steps L1-L6 into which any transformation T LO+CC can be decomposed, and from Eq.(10), we obtain the following minimal set of elementary, necessary and sufficient conditions for the FL-consistency of any magnitude µ: 
Notice that C1-C5 imply that µ takes a constant value µ 0 for separable states, and that this value is µ(1). This is so because separable states can be reversibly converted into each other by means of LO+CC, that is, all separable states are locally equivalent. On the other hand in C1 and C3 the inequality has been replaced by an equality just due, again, to the local reversibility of the processes involved in them. That the states ρ and ρ ⊗ ρQ are locally equivalent can be seen by considering also C4.
Remarkably enough, the set of FL-consistent magnitudes is a convex subset on the space of functions T −→ R.
FL-consistent magnitudes and optimal local conversions.
Many of these magnitudes, namely those that are bounded from below, i.e. µ 0 > −∞, are potentially useful in the sense that they imply upper bounds for the optimal rate at which the parties can locally convert one copy of a state ρ into one copy of a stateρ. Indeed, with γ σ (ρ −→ρ) the probability that the parties convert one single copy of ρ into one single copy ofρ by means of the local protocol σ, it turns out that
where the minimum is over those FLc magnitudes µ that are bounded from below. Proof: If the parties start sharing ρ and by means of an optimal local protocol end up in a situation Υ = {ρ k , p k } with p 1 = γ(ρ −→ρ) ≡ max σ γ σ (ρ −→ρ) and ρ 1 =ρ, we have that, for any FLc magnitude µ bounded from below,
where we have used that µ − µ 0 ≥ 0. Therefore
Notice, in addition, that the magnitude γ(ρ −→ρ) is FL-consistent as a function of ρ and is bounded from below, so that taken as µ in Eq.(13) it saturates the inequality. 2 But FLc magnitudes are useful also in other circumstances. In section 5, for instance, the FLconsistency of a family of magnitudes will allow us to prove that one unique entanglement measure is not sufficient to completely quantify entanglement. As we will see FLc magnitudes can, moreover, be used to characterize completely the entanglement of pure states of any two-party system. Recall that, as with entanglement in section 2, FLc magnitudes have been defined in relation to the set of transformations T LO+CC .
Additivity and continuity.
We want to consider next two properties some FLc magnitudes satisfy and that will be relevant to us later on, namely additivity and continuity with respect to fidelity.
(i) Additivity of a FLc magnitude µ, i.e. the very specific composition law µ(ρ 1 ⊗ ρ 2 ) = µ(ρ 1 ) + µ(ρ 2 ), is very convenient, for instance, whenever one wants to relate properties of one single copy of a state ρ with properties of another state ρ ⊗n which consist of several copies of it. However it is not implied by conditions C1-C5. And thus, e.g. one often deals with entanglement measures for which only partial additivity (i.e. additivity for pure states) has been proved to hold by now and yet they are known to be FL-consistent (such as the entanglement of formation [3] and the relative entropy of entanglement [4] ). Partial additivity is certainly a precious property when studying the entanglement of pure states. However there are FLc magnitudes, such as the robustness of entanglement [5] , that are not even partially additive. It may be the case that a FLc magnitude satisfies another composition law µ(ρ 1 ⊗ ρ 2 ) = f (µ(ρ 1 ), µ(ρ 2 )), such as the robustness for pure states, which is R(
, or even that it does not satisfy any.
(ii) One can distinguish between continuous and discontinuous magnitudes in the following sense: take a physically sensible measure F (ρ,
For all our present purposes it will suffice to consider an explicit expression of F only for pure states, and the fidelity
being the probability that a system in the state |Ψ behaves as if it were in the state |Ψ ref .
Consider, as an example of discontinuous magnitude, the indicator entanglement measure introduced in [4] :
One has to be careful when drawing conclusions from a discontinuous magnitude, specially taking into account that in a lab the experimental devices have always finite accuracy and therefore one cannot tell a state ρ ref from another state ρ whenever F (ρ, ρ ref ) ≥ 1− ǫ (for a small enough ǫ > 0). For instance, the resolution of the experimental devices may not allow to distinguish the entangled state (1 − ǫ 2 )|1 ⊗ |1 + ǫ|2 ⊗ |2 ) from the separable state |1 ⊗ |1 , so that for practical purposes these two states are equivalent. And yet a discontinuous magnitude such as the indicator measure insists in making a dramatic distinction between them, which would seem physically meaningless. However, one could, in principle, improve the experimental devices so that their resolution increases. Then, it may become possible to distinguish between any two states whose relative fidelity F be smaller than 1 − ǫ ′ , for some new ǫ ′ < ǫ, and therefore the two states (1 − ǫ 2 )|1 ⊗|1 + ǫ|2 ⊗|2 ) and |1 ⊗|1 may become distinguishable.
Therefore one has to mistrust discontinuous magnitudes whenever only finite experimental accuracy is available, and the same holds for those magnitudes that change abruptly when considered as a function of the fidelity of states. However, all these magnitudes may give relevant information about the properties of the states as the experimental resolution is increased, this information being previously irrelevant due simply to technological limitations. This observation will be crucial in section 6.
LOCAL UNCERTAINTY MEASURES AS FL-CONSISTENT MAGNITUDES.
We will next introduce a set of entanglement magnitudes for two-party systems, the α-entropies of entanglement, that are FL-consistent. They will help us prove in section 5 that just one measure of entanglement is not sufficient, in general, to completely characterize the entanglement of even pure states of a two-party system.
Measures of uncertainty.
One way of quantifying the uncertainty associated with a random variable which can take m different values v k , each one having an a priori probability of occurence p k -where m k=1 p k = 1-is by means of the α-entropy or information of order α [6] , defined as
Our considerations here will be restricted to the case α ∈ [0, 1]. Recall that S 0 ({p k }) can be defined as lim α→0 + S α , and it is just the logarithm of the number of non-vanishing elements in {p k }, whereas S 1 ({p k }), defined as lim α→1 − S α , is the Shannon entropy
In quantum mechanics the outcome of a complete von Neumann measurement on a system with Hilbert space H = C n prepared in the state ρ is a random variable, whose probability distribution {p k } k=1···n depends both on the state and on the specific measurement. For any fixed ρ it turns out that the minimal uncertainty, as quantified by S α ({p k }), α ∈ [0, 1], occurs when the set of n orthogonal rank one projectors {P k = |v k v k |} that characterize the complete von Neumann measurement are such that the {|v k } are the eigenvectors of ρ (as it can be proved by making use of the concavity of the function f (x) ≡ x α , x ≥ 0, α ∈ [0, 1]). Thus the α-entropy of the eigenvalues of ρ,
(cf [7] ), can be regarded as a measure of the minimal uncertainty associated with ρ.
Entangled pure states and minimal local uncertainty: α-entropies of entanglement.
Consider now the pure states of a N -party system with finite dimensional Hilbert space H. Any multi-local pure state (that is, any pure product state |Φ = |Φ A ⊗ |Φ B ⊗ |Φ C ⊗ ..., with |Φ i ∈ H i the local state of party i, H = N i=1 H i ), can be characterized by a vanishing minimal local uncertainty. Indeed the parties can always choose to perform a complete local von Neumann measurement whose result will be known in advance with certainty by simply including |Φ Φ| in the set of orthogonal rank one projectors describing the measurement. On the other hand any pure entangled state |Ψ of the system will have non-vanishing minimal local uncertainty S α (ρ i ) = 1 1−α log 2 T r[(ρ i ) α ] at least for two of the parties (ρ i is the local reduction of |Ψ for party i).
Let us next focus on a two-party system in a pure state |Ψ . It turns out that in this case Alice and Bob have the same minimal local uncertainty, that we will call α-entropy of entanglement of |Ψ ,
and that we will use to characterize the entanglement of |Ψ . One can check that the α-entropy of entanglement of pure states is an additive quantity, and that it reduces to the entropy of entanglement [1] for α = 1. We next extend the definition of E α to any mixed state by
where the minimization is over all ensembles of pure states realizing ρ -that is, over all possible
With such extensions and some known results it becomes relatively straightforward to prove that E α is consistent with the FL, that is to say that it satisfies conditions C1-C5, for any α ∈ [0, 1], as the following theorem announces. It vanishes for separable states, so that from the E α one can obtain upper bounds for local conversion processes (see Eq.(11).
Theorem 3
The α-entropy of entanglement E α (ρ) is consistent with the fundamental law of quantum information processing.
Proof: Proving theorem 3 for α ∈ [0, 1) is analogous to its proof for α = 1 (see [3] ), which corresponds to the entanglement of formation. The concavity of T r[ρ α ] (α ∈ [0, 1]) as a function of ρ, the additivity of E α for pure states and the convex roof structure of its extension to mixed states are essential points of the proof. 2
Although we have seen so far that E α as a function of ρ is FL-consistent, in what follows we are interested only in the α-entropy of entanglement as a function of pure states.
Notice that, for any α ∈ (0, 1], E α is a continuous magnitude for pure states of a two-party system with finite dimensional Hilbert space, whereas E 0 is not. Let us show it with an example: consider, for instance, among the pure states of a C 2 ⊗C 2 system the family of states |θ = cos θ |1 ⊗ |1 +sin θ |2 ⊗|2 , θ ∈ [0, 
(1 + sin 2θ), and one can write
as a continuous function of F (θ, Φ) for any α ∈ (0, 1]:
On the other hand the α = 0 case, which is E 0 (Ψ) = log 2 m Ψ , m Ψ being the number of nonvanishing Schmidt coefficients of Ψ, is a discontinuous magnitude with respect to F :
COMPLETE CHARACTERIZATION OF ENTANGLEMENT OF PURE STATES OF TWO-PARTY SYSTEMS.
Local equivalence of pure states.
Recall that the local unitary equivalence class to which a pure state |Ψ of a two-party system C n 1 ⊗ C n 2 belongs is unambiguously specified by its non-local parameters or Schmidt coefficients {a i } i=1···m , m ≡ min(n 1 , n 2 ), appearing in its ordered Schmidt decomposition:
On the other hand local equivalence between two states ρ andρ can be defined as the possibility of reversibly converting each one into the other by means of a local process. Such conversion being locally reversible, it becomes immaterial to Alice and Bob whether they share ρ orρ, as far as entanglement, regarded as a resource, is concerned, for having one of the states means being able to obtain the other. We will next prove that two pure states |Ψ and |Ψ of a binary system are locally equivalent if and only if they are locally unitarily equivalent, that is,
Proof: Notice, first, that if |Ψ and |Ψ are related by a unitary product transformation -and thus {a i } i=1···m = {ã i } i=1···m -then they are locally equivalent, since unitary product transformations are locally reversible. Therefore it only remains to be proved that if for any i, a i =ã i , then |Ψ and |Ψ cannot be converted into each other in a reversible manner using only LO+CC. We can see this with the help of the α-entropy of entanglement of pure states, which can be rewritten as
Indeed, it can be proved that, unless a i =ã i ∀i = 1 · · · m, E α (Ψ) and E α (Ψ) are two different functions of α in the interval [0, 1], so that there exists some α 0 ∈ [0, 1] for which
Then the consistency of E α 0 with the FL allows, in principle, for the local conversion |Ψ −→ |Ψ , but it forbids the local conversion |Ψ −→ |Ψ to have efficiency one, since the process would imply an increase of E α 0 . Therefore none of these two conversions is reversible. 2 When applying this result to local conversions involving several copies of pure states, we see that for any finite n 1 and n 2 and any two pure states |Ψ 1 and |Ψ 2 with non-identical Schmidt coefficients the conversion
is not possible with 100
Minimal sets of entanglement magnitudes.
One consequence of theorem 4 is that the m − 1 greatest Schmidt coefficients {a i } i=1···m (recall they are constrained by m i=1 a 2 i = 1) constitute a minimal complete set of entanglement magnitudes for pure states of a two-party system, that is, a set of magnitudes that, being minimal, characterize completely entanglement in this situation. Thus, for instance, in a system with Hilbert space C n 1 ⊗ C n 2 such that min(n 1 , n 2 ) = 3, the entanglement of a pure state is characterized by a 1 and a 2 , and cannot be characterized completely by less than two parameters.
On the other hand {E α } α∈[0,1] is a continuous set of FLc magnitudes that is also sufficient to characterize completely the entanglement of pure states of two-party systems, in the sense that {E α } α∈[0,1] reveals unambiguously the local equivalence class to which |Ψ belongs, since it can be proved that one can recover the Schmidt coefficients of a pure state |Ψ from the whole family {E α (Ψ)} α∈ [0, 1] .
Going back to the C n 1 ⊗ C n 2 systems with min(n 1 , n 2 )=3, one can prove that E 1 2 (Ψ) and E 1 (Ψ) are mapped bijectively into (a 1 , a 2 ), so that in this case (E 1 2 , E 1 ) are a minimal set of FLc magnitudes completely characterizing the entanglement of pure states. Notice that for pure states E 1 2 is a monotonous function of its robustness R(Ψ) [5] , E 1 2 (Ψ) = log 2 (1 + R(Ψ)), so that, alternatively, one can characterize minimally the entanglement of |Ψ by means of its entropy of entanglement E 1 (Ψ) and its robustness R(Ψ).
6. THE ASYMPTOTIC LIMIT.
Asymptotic reversibility.
For pure states of a two-party system it was proved in [1] that the entropy of entanglement gives the asymptotic conversion ratio, in the sense that if Alice and Bob start with a state |Ψ ⊗n , then they can locally convert it into a state which resembles, with fidelity equal to or greater than 1 − ǫ for any fixed ǫ > 0,
n copies of |Ψ , provided that n is large enough. More concretely, it was shown that, given an arbitrarily small ǫ > 0, there always exists a large enough n such that the conversion of n copies of the pure state Ψ into nE(Ψ) copies of the state |s (a singlet in a C 2 ⊗ C 2 system), i.e.
is achievable with fidelity F (ρ f , |s ⊗nE(Ψ) ) ≥ 1 − ǫ (where ρ f is the actual final state of the conversion), and conversely, that the conversion
is also achievable in the same sense. This was proved by providing an explicit protocol for each process, and it means that one can reversibly convert, asymptotically, copies of any pure state into copies of any other pure state by composing the previous two protocols. Notice that the two basic features characterizing this so-called asymptotic limit are an error parametrized by ǫ > 0 and a large number n(ǫ) of copies of the pure state in consideration (or, equivalently, a state in a Hilbert space of large dimension). Thus, in an asymptotic sense local conversions between pure states are reversible. However they are irreversible for any finite number of copies of the states if one requires a large enough fidelity, as we have shown in section 5. On the other hand the asymptotic reversibility of such processes does not imply that any magnitude -defined for systems with a finite dimensional Hilbert spaceconsistent with the FL reduces to the entropy of entanglement for pure states [2] , but simply that the entropy of entanglement is the only FLc magnitude for pure states that does not tend to a discontinuous function of fidelity as the number of copies is increased.
6.2 The α-entropies in the asymptotic limit.
In order to illustrate how in the asympotic limit the entropy of entanglement is naturally singled out, we will consider in some detail the protocol of entanglement dilution that was presented in [1] , and that is asymptotically optimal, thus implementing physically the conversion described in Eq(29). We will explicitly see that the α-entropies of entanglement, for any α < 1, tend to a discontinuous function of the fidelity in the asymptotic limit.
Let us thus remind how the dilution of entanglement can be performed with asymptotically maximal efficiency. The protocol described in [conc] uses both quantum data compression and quantum teleportation. Alice and Bob share m singlets |s , and Alice prepares locally n copies of the state |Ψ ≡ cos θ |1 ⊗ |1 + sin θ |2 ⊗ |2 for some θ ∈ (0, π 4 ), that is the state |Ψ ⊗n , whose Schmidt decomposition has 2 n coefficients. These ordered coefficients can be grouped into n + 1 sets, the l-th set containing ( n l ) identical coefficients of the form cos n−l θ sin l θ. Now, by employing n singlets to teleport, Alice and Bob can end up sharing the state |Ψ ⊗n , and this is not possible if less than n singlets are used. Nevertheless by teleporting with less than n singlets, say with just a number m(r) ≡ log 2 r l=0 ( n l ) of them, they can end up sharing a state ρ -which is, essentially, a projection |Ψ n ( 
Thus as n grows its fidelity F n (x) tends to the step function Θ(x − x * ), for a x * such that m(nx * ) = nE(Ψ). On the other hand the entropy of the entanglement of |Ψ n (x) ,
behaves similarly as n grows, since
What does happen, as n is increased, to the rest of α-entropies of entanglement? Take E α for any fixed α < 1. A direct computation of E α (Ψ n (x)) shows that, for any β > 0, a δ(α, β) > 0 and an integer N (α, β) exist such that for any n ≥ N the density of α-entropy of entanglement of the projection |Ψ n (x * + δ) , i.e.
1 n E α (Ψ n (x * + δ)), is smaller than β. This implies that for any E α which is not the entropy of entanglement, (i.e. α < 1) there exists a projection |Ψ n (x * + δ(α)) such that lim n→∞ 1 n E α (Ψ n (x * + δ(α))) = 0,
but for which, on the other hand, 
This shows, when considering Eα(Ψn(x)) n as a function of F n (x) that Eα n (F n ) tends to a discontinuous function of the fidelity in the limit n → ∞.
6.3 Non-uniqueness of FLc magnitudes for pure states in finite dimensional Hilbert spaces.
We have just checked that, indeed, the asymptotic limit naturally singles out one FLc magnitude for pure states, the entropy of entanglement. Nevertheless its uniqueness was based on the asymptotic reversibility of the local conversions between many copies of pure states (Eqs. (28) and (29)), which relies on the acceptance of fidelities smaller than one. Now, as we have shown, any conversion involving a finite number n of copies is, in general, irreversible, as requiring fidelity F ≥ 1 − ǫ for sufficiently small ǫ reveals. And thus the existence of FLc magnitudes that are not equivalent to the entropy of entanglement for pure states, such as the α-entropies or the robustness of entanglement, is not a contradiction.
CONCLUSIONS.
We have seen that in a two-party system local conversions of pure states are reversible only when the states involved has the same Schmidt coefficients, i.e. when they are locally unitarily equivalent pure states. As a consequence, more than just one measure is needed to quantify entanglement of pure states, contrary to what happens in the asymptotic limit, where due to the reversibility of many local conversions a unique measure of entanglement, the entropy of entanglement, sufficies. As we have shown, there is no contradiction in the fact that there exist magnitudes for pure states that, though being non-increasing under local transformations and also additive, are not equivalent to the entropy of entanglement.
The quantification of entanglement, even that of pure states of two-party systems, is, therefore, still far from being solved. It is not known yet, for instance, the optimal rate at which the parties can locally convert any pure state into any other, information that a measure of entanglement, or else a complete set of measures, should provide.
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